TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 352, Number 12, Pages 5563-5582

S 0002-9947(00)02502-2

Article electronically published on August 21, 2000

ASYMPTOTIC RELATIONS AMONG FOURIER COEFFICIENTS
OF REAL-ANALYTIC EISENSTEIN SERIES

ALVARO ALVAREZ-PARRILLA

ABSTRACT. Following Wolpert, we find a set of asymptotic relations among
the Fourier coefficients of real-analytic Eisenstein series. The relations are
found by evaluating the integral of the product of an Eisenstein series ¢,
with an exponential factor along a horocycle. We evaluate the integral in two
ways by exploiting the automorphicity of ¢;.; the first of these evaluations
immediately gives us one coefficient, while the other evaluation provides us
with a sum of Fourier coefficients. The second evaluation of the integral is
done using stationary phase asymptotics in the parameter A (A = i +7r2is
the eigenvalue of ;) for a cubic phase.
As applications we find sets of asymptotic relations for divisor functions.

1. PRELIMINARIES

Let T' C SL2(R) be a finitely generated non-cocompact Fuchsian group of the
first kind[] For ease of presentation, we shall restrict ourselves to the case where
I’ = SLy(Z), although most of the work carries through to the general case (the
exception being in the Appendix, where one has to be careful about the choice of
group so that it has a standard fundamental domain).

Let Qo1 denote a I'-automorphic eigenfunction of the hyperbolic Laplacian with

eigenvalue A = s(1 — s) = 1 +r? > 1 on the critical line Re(s) = 1 (we choose s
such that s = £ 4 ir) with a Fourier series development of the form
. 1 ;
(1.1) po1(2) =a0.y" +ao y' T+ D am y? K 1 (2n|mly) e,
m##0

where K, denotes the K-Bessel functions (also known as the MacDonald-Bessel
functions), and z =z + iy e H={z € C: y = Im(z) > 0}.

By saying that ;. is T-automorphic for I' C SLy(R), we mean that for v =
((é g) € I' € SLy(R), acting on the upper half plane H by linear fractional trans-

Zj_tdb, we have p;r(2) = @ir(v2). In the case that I' = SLy(Z), we
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have in mind that ¢;,.(z) be the classical Eisenstein series

1 1 _a.
(1.2) Ps_1(2) = §E(z,s) =3 g y®lez 4+ d|7=°.
c,d€EZL
(e,d)=1

Let t = 27m)\*%, for n > 0, and consider the integral over the horocycle hory =
{zeH:ty=1},

(1.3) J = pir(2) €27 h(z) dz
ty=1
where h is a smooth function with compact support (say Support(h) C (ho, h1)
with hy — hg < 2) and satisfying
(1.4) Zh(x—l—k) =1.
kEZ
From ([CTl), and using the fact that h has compact support, we get
J = ©ir(z) eiz’m“’h(x) dx

ty=1

= / ao(y) ™ h(z) dx
ty=1

(1.5) .
£ [ ) e ) de
m#£0 ty=1
=To+ Y T,

m##0
where
(1.6) ap(y) = ao+y%+i" + aofy%’"
and for m # 0
(1'7) am(y) = am 91/2 Kir(ZTrlmly)'

On the other hand, let v € I, and let

(1.8) J’ :/ Qir(v2) €™ h(x) da.

ty=1
Hence we have, in a similar manner as before,

T= [ eulrz) *h(a) da
ty=1

= /t B ao(Im(vz)) €™ h(z) dx

+ Z/ am(Im(yz)) @2 Retmyztnz)p 2y dg
m#0 ty=1

=T0+ > T,
m##0
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Since ;- is automorphic it follows that J = J’, and the coefficient relation

(Corollary B2)

an €™E/2 = 9343 A(c,d) e~ Q) g(0)

PR .F(g)Gl(Tvt) -1/12) Y
< (Golr0 —ip ) + OOl lnallellae)

is obtained by equating the evaluation of the integrals 7, and J'.

The considerations are organized as follows: In §2] we obtain the stationary phase
expansion for the integral of an exponential with a general cubic phase, in §3] we
evaluate the integrals comprising 7, and in §] we evaluate the integrals comprising
J'. Tt is relevant to notice that the evaluation of 7’ involves a stationary phase
analysis uniformly valid on a noncompact set of parameter values. In 5l we join
the two evaluations to obtain the final coefficient relation.

In g6l we explore some applications of the coefficient relation. In particular, if
dq(n) = > 4, d? denotes the divisor function, then, using the classical Eisenstein
series ([L2)), we obtain the following asymptotic recursion relation (Corollary [6.2)):

Q0] _ gt emira=t Ble.d) e @ g(0)
n§+'m
1.1 1.1 doir(m) _\3Gosiz (A0 T(2)Gi(r,1t)
4+ 9263732\ 1 Z We 4(G0(Tat)+lr(%)W)

m>0

+ O ol | Lo ][ 114).-
2. STATIONARY PHASE

In this section we obtain the stationary phase asymptotic expansion for the
integral of an exponential with a cubic phase function that has two coalescing
stationary points.

2.1. Setup. We consider integrals of the type

2.1) / g(x) V(5 D gy

— 00

where g(z) is a real valued C* function with compact support containing a neigh-
borhood of the origin, and o = «(p) is an analytic function of the parameter p € C
such that « — 0 as p — po.

We are interested in obtaining the asymptotic expansion of this integral for large
v, uniformly in a domain containing py. Notice that the regularity of o guarantees
this last statement. The stationary points of the phase for this integral are ++/c.
As p — pp, a — 0; hence the stationary points coalesce into one stationary point.

2.2. Results. Let g be a function on R, and define the Fourier transform of g by
Flg)t)=g(t) = ffooo g(z) e~ 'dx whenever the integral converges. Let S denote

Schwartz’s functions, rapidly decaying smooth functions; then F : § — S is an
isometry. For a tempered distribution 7" we define the Fourier distribution of T' by

(2'2) <‘7:(T)a 50> = <Ta }—(50»7 Vp €S,
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where (f,g) = [0 f (2)g(z)dz (see [Zem65| for a discussion of tempered distribu-
tions and Fourier transforms).

The following results follow directly from the definition of the Fourier transform
and its properties, as well as from the definition of the Airy function (for a discussion
of the Airy function see for instance [Olv97]).

Lemma 2.1.
3
.7:(6“'(7_(’”))(75) = ZWV_éAi(—onQ/B — v 3¢,
Proof. We have

F(eE o) = [ el

— o0

(2.3) s /OO ei(%—(a”2/3+”71/3t)7) ir
— 0o

= 271’1/7%Ai(—041/2/3 — 713,

since by definition
oo 3
(2.4) omAi(p) = / e!s 1),

O

Proposition 2.2. Let v > 0, g € C°, a = O(v=17¢) for some ¢ > 0, and N a
non-negative integer. Then

t= / g(z) (5 0 dy
N A4 (0) &
_ o -13 5 AT (0) Y Nn—i ()
=27V Z T 2 i (iow)" 7 1) (0)
n=0 j=0
N+1
_ N+1 » ,
+ON(V (N+2)/3 Z ( ‘ >|OW|N+1 j(||g||L1 + ||9(]+2)||L1)>
=0 N
is an asymptotic expansion for v large.

Proof. First apply Parseval’s identity to Z, to obtain

T :/ g(x) ei”(%_o"”)da:
1 R .3
(2.5) = g(t) F(e™Us =0 (¢) dt

2 J o
o0
= u_l/B/ G(t) Ai(—ar®?® — v V3% dt,
—o0

the last equality stemming from Lemma 211

Let 7 = —av?/3 — y=1/3¢; then
oo
(2.6) 7= / G(—av — V37 Ai(T) dr.

Then from Taylor’s theorem we have
(2.7) |Ai(T) — Pyn(7)| < On|r|N T, v,
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where Py (1) = N A 1 g the N-th Taylor polynomial of Ai. Thus

n=0 n!
N .
Ai() o
T = Z Aav ) n!(O) / g(—av — 1/1/37) T dr
(2.8) n=0 %
+On (/ [G(—av = v17) TN ar).

On the other hand,
/ G(—av —v'37)rdr = fl/B/ §(t) (—ar?3 — =34t

n
= 2y~ (nHD/3 Z (n) (iav)" =7 gl)(0),

i=o

(2.9)

where we have used the binomial theorem and the following property of the Fourier
transform:

oo

(2.10) (i)* G(t) = P (1) = / 40 (@) et ar,
so that [~ (it)? g(t)dt = 2mgl)(0).
Similarly we have that

(oo} (o]
(2.11) / [§(—av — 137y 7N+ dr = V‘W/ [5(t) (—ar?/® — =3 N+ gy

— 0 —00

N+1

N +1 Y )
SV‘W“WZ( j)mul’“l—ﬂ / [9(¢) (it dt.
o0

=0 -

Once again, using (ZI0) we have that, for k an integer, [t* g(t)| < ||g®||z,. Thus,
in particular, for [¢| > 1

(2.12) g0 < [lg¥ [, Vi=0.

On the other hand, for |t| <1

o0
(213) #3(6)] < [(0)] < / lg(x) e~!|da = [|g]l,.
Hence
g+,
llgllL, [t] < 1.
Thus
/OOI (t) (it d /1II lid g Al
G(t) (it) | dt = t+2/ Ng= ML g
(2.15) 7 Il . 2

< 2(llgllz, + 1992 lL,),



5568 ALVARO ALVAREZ-PARRILLA

so substituting this result in (ZI1]) we obtain

(2.16) / |§(—av — 37y TN dr

N+ N
<202 30 (YD) g+ 192
=0
Finally, substitution of ([Z3) and (ZI6) in (Z) finishes the proof. O

Remark 2.3. In the proposition above it is understood that the quantity 0" is 1 by
continuity.
Notice that when o = 0 we recover Proposition 2.6 of Wolpert [Wol99].
3. EVALUATION OF J

In this section we evaluate the integral J. As can be seen from (L5) and from
(CH) and (L), we need to evaluate two types of integrals: those corresponding
to the the zeroth order coefficient and those corresponding to the non-zero order
coefficients of the Fourier development of ;.. The argument used to evaluate them
is basically the same.

The summation condition ), , h(x 4+ k) = 1 for the test function h plays an
essential role in this computation.

3.1. Zeroth order coefficient. We start by considering

T :/ (a0+y1/2+ir +a0_y1/2—ir) eiQﬂ'nxh(x)dx
(31) ty=1

= a0+I+ +ao_Z_,

where for 6 = +1 we have the integrals
(3.2) Is = / Y2t eI b (1) .
ty=1

Proposition 3.1. 7; = 0.
Proof. From (BI)) we need only evaluate Zs:

Ts :/ y%+6irei2wnxh(m) dx
ty=1
:/ tf(%+6ir)ei27rna:h(x) dx

j k+1 ) ) )
(3.3) - / RO
kez’k

1
_ t—(%-{-éir)/ ei2mnz Z h(.l? + k) dr
0 keZ

1
:tf(%JrEir)/ ei27rnxdx,
0

where we have used that h has compact support, €2 is translation invariant,
and ), ., h(z + k) = 1. The statement now follows from the fact n # 0. O
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3.2. Higher order coefficients. The evaluation of the integrals

(3.4) ZI = Z/ amy2K“« 27T|m|y) z27r(m+n)z h(m) dx

m#Q0 m#0
has been done by Wolpert in [Wol99] and can be found in the proof of Corollary 4.9.
Here we state the result and provide a sketch of the proof.

Remark 3.2. The notation is as in [Wol99]. The proof rests on Lemma 2.3 of
[WoI99], which, in a nutshell, provides an asymptotic expansion for the product
2rr|mly Ky (2m|m]y) in terms of the Airy function and its derivative.

Proposition 3.3 (Wolpert). For A large and n > 0,

A~2/321/3 47 (0)

=0 +0(™).

N T = 28w V2N Sem ™2 (44(0) +
m#0
Proof. As in Proposition B, €?27(m+7)% i5 unit-translation invariant, so the limits
of integration can be replaced by {0,1} provided that we also replace h(w) by

> rez h(w 4 k) = 1. Then orthogonality of exponentials, an application of Lemma
2.3 of [Wol99], and some further estimates finish the proof. O

3.3. Putting together Proposition [3.3 and Proposition B.1], we obtain

Corollary 3.4. For X large and n > 0,
A~2/321/3 47 (0)

J =y 25w £ 12N 0e N 2 (44(0) + -

+0(A ™).

4. EVALUATION OF J’

In this section we evaluate the integral J’. From ([9), (L6) and (L), we
again see the need to evaluate two different types of integrals: those corresponding
to the the zeroth order coefficient and those corresponding to the non-zero order
coefficients of the Fourier development of ¢;;..

Notice that we do not use the summation condition for the test function h.

4.1. Zeroth order coefficient. By (L9) and (L6) we have
Iy = / ao(Im(yz)) €™ h(x) da
ty=1

= a0+Iﬂr =+ ao_IL,

(4.1)

where for 6 = £1 we have the integrals

Tj = / (Im(yz))2 0™ h(z) do
y=1

_ Y 7 by,
/ty_1<|cz+d|) e h(z) dz,

where the ‘phase function’ v is defined by

J Yy
4 = o — Y
(4.3) s = og(|cz+d|> + tz,

(4.2)

where
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(po = 1 corresponds to the limit A — o), and we recall that ¢t = 27rnA~z > 0, since
n > 0.

To evaluate the integrals Z§ we will use stationary phase analysis. Thus we first
make a detailed analysis of the phase function ¥s on the horocycle hor).

4.1.1. Analysis of the phase function 5. On the horocycle hory we have ty = 1.
Hence

t

4.4 =6p 11 —_— tx.
(4.4) Vs, p) = dp og((cx+d)2t2+62)+ x
Let
(4.5) o= %(cx +d);
then ‘;—g = 0t, and
(4.6) v = 1245 a+p—1log(¥)

' c 2o2+1)/ )
Furthermore, let

. 0 o=1 c 202 )
and

_ _ -1 2

(4.8) ¢(a)_5(a 1+p 10g(02+1> .

Then ¢5 = ¢+é)v0, where we note that Qvo is independent of o. Note that ¢ vanishes
ak

at o = 1, and if ¢(¥) (o) = 807925(0) denotes the k-th derivative with respect to o,

then

o2 =2p o +1

¢(1)(U) = 502—_“7

@ () — 26 (0 —1)(c +1)

(4.9) (o) p (02+1)2
_ _4_50(02 -3)
¢(3) (o‘) = , 7(0_2 T 1)3 .

Abusing notation, we denote the analytic continuation of ¢ by ¢. Its domain is
given by D = {(0,p) € C?> : 0 # iv, v > 1, p # 0}. Furthermore, as can be seen

from (£9)), the critical points of ¢(c) are given by o4 = AW ”ppz_l. It follows that
¢ has two critical points o1 for p > pp = 1, which coalesce to an order 3 zero of ¢
at 0p =1 (when p = pg = 1).
Proposition 4.1. The phase function s can be rewritten as

3

Ualw,p) = 5~ alp)u+ Qolp),

where a(p) and Qo(p) are constants depending on the parameter p, and u = u(x, p)
is an analytic function of x and p, invertible with respect to x for p near pg and
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small . Furthermore, a(p) — 0 and Qo(p) — @Vo when p — 1. Explicitly, we have

alp) = —(§)2/3 < VP2 — 1 — arctan \/pz—_l> 2/3,

2 p

) tp? d
Qo(p) = ;<1 ‘HOg(zLCQ)) -t

Proof. From (1), clearly ¢ = o(x) is an invertible and analytic function of x;
hence 15 has the same behavior as ¢. So it is enough to consider ¢ and o (keeping

in mind that we have to add the extra constant @ since ¥s = ¢ + @vo), and show
that the transformation
3

(4.10) T, 6(0,0) = 5 — alp)u+ Qy(p),

where Qo = Q) + @Z), has a branch which is uniformly regular for p and ¢ in small
neighborhoods of pp = 1 and o9 = 1, and that, in this same branch, for p near
enough to pg the implicit correspondence u < ¢ is 1-1.

The proof of this last statement for ¢ satisfying (£9) is well known and can be
found as Theorem 1 in [CFUS57] and in more generality for smooth functions in
[GS77]. We find the functions a(p) and Qo(p) explicitly for our case.

In order for (I0) to be a uniformly regular 1-1 transformation we must have
that ‘;—Z # 0, 00, where

(4.11) 8(0,0) 2 = u? ~ap).

Notice that the LHS vanishes at o1, while the RHS has its zeros at +y/a. If the
transformation is to be regular, these points must correspond, so by [I0) we have

B(0+,0) = —2a()* +Qip),

(4.12) 0"
$lo-,p) = galp)® + Qo(p)-
Hence
3723 (9(0-) — o(o)
(4.13) a= (5) <++> ,
and
(4.14) (% = M.

2

Upon substitution of o4 in (48) and simplification of (£13)) and (@.I4) we obtain
explicit expressions for « and @, namely

2/3
§)2/3<\/p2 — 1 — arctan \/p? — 1>

(4.15) alp) = (5 ;

and

(4.16) o) = 2 (1= p+logs?).
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Finally, since Qo = Qf + Qo, then

é tp? d
41 =2 (1+0g(55) ) 5.
(4.17) Qi) =2 1+ 108(353) )

c

The last statement of the proposition follows from the explicit formulas for «(p)
and Qo(p) (or equivalently from (ZI4)) and noting that ¢(1) = 0). O

Remark 4.2. Since p = from (ZIH) we see that, for A large,

A= 1’
(4.18) a=0(1"1).

4.1.2. Ewvaluation of Tj. We now proceed to evaluate the integral Zj.
By Proposition 1] and using (£5]), the integral Z§ can be rewritten as

~ ° 1.8
(4.19) zgzemczo@)/ o) M —aw g,

where, recalling that o = o(u),
3 _ _
o0 = (o2 (&%) (7)

53 5 dy/duy-
- - ()
2(o24+1) \t ¢/ \do
Thus by Proposition 2.2l we obtain the following asymptotic expansion in A for Zs.

We will write ||u||g~ for the Sobolev N-norm of a (smooth) function « (the sum
of the Ly-norms of the first N derivatives).

(4.20)

Proposition 4.3. Let g € C°, t = 2rn\"2, v = (ab)yel, ¢>0, N>0.
If Support(g) does not contain a non-empty neighborhood of the origin, then

T4 = O(A~ N F2/0) 1] ).
Otherwise

T — e Qo) gy - 1/62 i Ai (0 zn: (iaA/2)" 4 (0)
§ )\n/Gnl =

+ OO ] 45).

Moreover, the terms g¥)(0) are bounded; in fact, g(u) is smooth. In particular, for

g given by (E20)

90 = a3t (-9 (F)

where og = 1 + O()\_l).
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Proof. The proof of this statement will follow directly by applying Proposition
(with v = A!/2) to the integral (ETY), after showing that g(u) is a smooth function
with compact support.

Assume first that Support(g) contains a neighborhood of the origin. Then
for sufficiently large A, p is arbitrarily close to pg = 1 and /o is small. Thus
the relationship v = u(o(z)) given by the transformation {I0Q) is analytic, and
[— v, /] C Support(g). Furthermore h € C2°, and o € D implies that (o + 1)
# 0. Thus it follows by ({20) that g is smooth and that Support(g) = Support(h).

If on the other hand Support(g) does not contain a non-empty neighborhood of
the origin, then, given € > 0 small and for large enough A,

(4.21) [ — Vo —e,v/a + €] N Support(g) = 0.

Thus the only contribution to the integral is from the error term. The error term
can be simplified. First of all,

N+1

N+1 By ,

(1.22) 3 ( ) )|aA1/2|N“ 3 (lgllzs + 1199+ 12.)
5=0

< 2l|g|[gnes (la?] + 1)V

Finally, since o = O(A™!) (see ([EIR)), it follows that for large A the error term is
as claimed.
Since we are interested in evaluating ¢(™(0), we need to find that 5o « u = 0.

So from (4LI0), (AI15), (ZI6), and (£8) we have that &g is the solution to
2e~!

4.23 F(o) = “og(————

(123 (@) =0+ og( s

Note that F' is continuous Vo € R and p # 0. When p =1, F(1) = 0; thus 5o = 1.

When p > 1, F(2) >0, and F(0) < 0, so by the intermediate value theorem there

exists 7o € (0,2) such that F(cp) = 0. Finally, since p = /521, from [@23) we
4

see that for A\ large,

) =0.

(4.24) go=1+0(\").

The proof is complete. O
4.2. Higher order coefficients. The higher order Fourier coefficients of ;- have
the same form as the those of a cusp form. Wolpert has already studied the asymp-

totics of these [Wol99|; hence in this section we quickly review Wolpert’s results
and adapt them to our situation.

By (3) and (IX) we have that

(4.25) I = am/t B (Im(v2))

N

K (2m|m|Tm(y2)) e Re(myz4n2)p (0) dg,

Now in view of Definition 3.1 of [Wol99] we similarly define

Definition 4.4. For \ = % +7r2 > %, m a non-zero integer and z = x + iy, y > 0,

1 1 .
let s = 2rmA~2 and K4(z) = €™ ?/2,/2n[m|y K;.(27|m|y) €27 for the K-Bessel
function K.
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With this definition

_1 1 .
(4.26) 1., = (2nm|) *ame ™ /2 Ks(Im(yz2)) e2Rem2)p(2)da.
ty=1
Remark 4.5. In the following propositions the notation is as in [Wol99], with the
following exceptions:

e We use B and CT)B instead of Wolpert’s o and Q. This is in order to distinguish
them from our previously used expressions. For further definitions of the
terms involved, see [Wol99].

e Also ¢} is to be a truncated form of ;,.; see Lemma [A.T] which is the analog
of Lemma 6.1 from [Wol99]. Because of this, the proofs in [Wol99] should be
modified to use Lemma instead of Lemma 6.1 of [Wol99].

From Theorem 4.8 of [Wol99] we have

Proposition 4.6 (Wolpert). Given 0 < ty < t1, choose 3 > 4 and define B by
(B—1Y2 = 2t; + (B — D)Y2. Let s = 2rmA~Y2, t = 27nA~Y/2, and, given
y=(2%) €T, ¢>0, let T = c?|st|7".

Fortyg <t <ti, Alarge, and N > 0, then,

Z 7 = 21/2371/37T3/2>\75/12
m
m##0

N k . k
S ' /200 —iT 3 Ai®)(0) G (7, t
> 4y €™ /2/2|s|_1/2e“1/2Qo—zz i* Ai%)(0) ﬁk(ﬂ )
m<0 =0 (3AL/2)3 k!

+ O NIV N1y [l srves),

where the coefficients Gy, (7,t) are supported in the interval f < 771 +2 < 5, oY s
as in Lemma A4, and the remainder constant depends on tg, ti, 3, and .

Sketch of proof. The proof of this statement is long and can be found in detail in
[Wol99]. Here we just give a sketch of the proof.

3
First use a partition {g;}%_, of unity for [0,00) to obtain Y Z, = > J;(t,s).
m##0 7=0
A careful analysis of the integrals J;(¢, s) yields

(4.27) [ Jo(t, 5)] = O(e= " [|o) ||1,),
(4.28) 1J1(t,8)] = O |0¥|1,),
(4.29) T3, 5)] = O |0¥]|1,),

for 0 < ¢/ < oo. The case of Ja(t, s) provides us with the actual sum as follows:
An analysis of the phase functions of the integrals corresponding to Ja(¢, s) tells us
that the phase functions can be written as a cubic monomial (see Proposition 3.3
of [Wol99]). Using the analog of Proposition [222] with @ = 0 (Proposition 2.6 of
[Wol99]) yields the required asymptotic expansion for each integral. For the error
bound to include the contributions of the sum on m < 0, an application of a bound
on > |am|? is required, so again use Lemma AT O
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4.3. Recall that from (LI) and (@)

(4.30) J =a0, T, +ap I + > I,
m##0

Thus, by Proposition [£:6] and Proposition [£.3] we obtain

Corollary 4.7. Given 0 < to < t1, choose 3 > 4 and define 3 by (B —1)Y2 =
2t1+(B—1)Y2. Let s = 2nmA~Y2, t = 2mnA~Y2, and, giveny = (24) €T, ¢ > 0,
let T = c?|st|~!.

Fortyg <t <ti, Alarge, and N > 0, then,

1

J =27\ 1/6A( d) er*@ Qo(p)
N—

i n) n
g: A 2:()umu2n]m®)
n/on!

n=0 =0
1 91/23-1/3,3/2)~5/12 Z an e—w/\l/2/2|s|—1/261/\1/2@—z§
m<0
ik Ai)(0) Gy (1,t)

(3AL/2)k/3

+ O VDo, ||l ves ),

k=0

where the coefficients Gy(T,t) are supported in the interval 8 < 771 + 2 < B, @}i
is as in Lemmald ], the remainder constant depends on to, t1, 3, and v, and the
function A(c,d) is given by

C&O C&Q
h N [to, 1
ao,, whenever _ ‘td70h1+‘,iv> [to, t1] # 0,
Ale,d) = ag_, whenever | — o %0 N [to, t1] # 0,

chg + d’ chi +d
0, otherwise,

where Support(h) C (ho, h1).
Proof. Since Support(h) C (hg, h1), by (£20) we have
0. d
(431) h() < ;O'Q - E < hl,
where 7 € (0,2) (recall that by @24) 5o =1+ O(A') as A — 00). Thus
C&O C&Q
Ch1+d< <Ch0+d.

So 7', only contributes (other than with a remainder term) when

050 050
—0 ) 1 [to, t1] # 0.
(725 g ) Nl #0

(4.32)

Similarly Z” contributes when
050 Cao
— — N lto, 1 .
( cho+d’ ch1+d> lto, 12] 70
This finishes the proof. O
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Remark 4.8. Notice that the support of g (hence h) restricts the range where there
is a contribution from the zeroth order coefficient. Later on we shall be interested
in controlling when we have a contribution arising from ag(y).

Remark 4.9. In the definition of the phase function 15 (see (43)) it appears that
the factor A2 is artificial; it would seem more natural to use r. The choice was made
for the following reason: if one uses r, then the phase function s can be written
(after a change of variables) as a cubic monomial (which makes the calculation
of §4.1] easier), while Wolpert’s phase function instead becomes a cubic with two
coalescing stationary points (and hence has to be treated with Proposition 2:2)).
This makes the calculations done in §4.2 much more involved.

5. THE COEFFICIENT RELATION

In this section we put together all the pieces developed in the previous sections
and obtain a relationship between the Fourier coefficients.

In Corollary we have an asymptotic evaluation of J, and in Corollary E.7
we have found another evaluation of the same integral. Hence, equating them and
simplifying, we obtain

Theorem 5.1 (Coefficient Relation). Given 0 < tg < t1, choose 3 > 4 and define
B by (B — Y2 =2t; + (B - 1)V2. Let s = 2nmA~Y/2, t = 27n\~"Y2 and, given
y=(2%) €T, ¢>0, let T = c?|st|7".

For to <t <ty Alarge, and 1 < N < 4, then,

b 283 A(cd) o—iA2Qo(p)
= I
Ai(0) + 2—32Ai’(0)
AZ(n -~ . 1/2\n—J 1
Syl w2 (7))
n=0
1

N 263*5715)\*1 Zam e—TAE/2 — b1 o—inEQotis
Ai(0) + 225 A’ (0) m>0

an €

70k§
Ai™(0) Gi(r, 1)
X E— O(N-(@N-1)/12)| Y L N
k=0 (3)\2)3]§| ( ||901r||L2|| ||HN+~3)

where the coefficients G (T,t) are supported in the interval 3 < 771 +2 < B, the
remainder constant depends on to, t1, 3, and v, @Y. is as in Lemma [A1] and
Alc,d) is given by

Cao 050
h N |to,
ap,, whenever chotd’ch1+d~> [to, t1] # 0,
Ale, d) = ag_, whenever _chf)g—?—d’_chca—(l)—d N [to, t1] # 0,
1
0, otherwise,

where Support(h) C (ho, h1).

When N = 1 we obtain a much simpler expression for the coefficients, since in
this case we need only consider the “leading term” in the asymptotic expansion
from Corollary 3.4
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Corollary 5.2. Situation as above with N = 1; then
an € /2 — 9343 A(c,d) e Q00) g(0)

4263 5gE N\ Z am e_’”\%/2 sTTt3 e‘“%@;”%
m>0

F(%) Gl(Ta t)

T(d) WP

x (Golr) —i )+ O 2R Lol Bl 2).

Proof. This follows directly from Theorem B.1l by considering only the leading term
in the asymptotic expansion given in Corollary B4, together with the fact that

A(0) 15T (3)

(5.1) 250, )

O

Notice that the zeroth Fourier coefficient ag(y) does not contribute if and only if

050 050
_ to,t1| =
ho+d oy 1) ot =0,
(5.2) or
( Ccoo Ccoq )m [to,tl] _ (Z),

cho+d chy+d

where Support(h) C [ho, h1], and 59 = 1 + O(A™!). Hence given ¢y and t; it is
always possible to choose v = (‘Cl g) € T and a test function h (say with a small
enough support) such that (5:2)) is satisfied. Thus an application of Lemma [A1] as
in Corollary 4.9 of [Wol99] gives

Corollary 5.3. Forty <t <ty, to, t1 satisfying (B2),
AL/2
an = Okl al Bl r €™ 77/2),

where the remainder constants depend on vy, B, to and ty.

6. APPLICATIONS

In this section we use the coefficient relation, in particular Corollary B2, to obtain
asymptotic relations among the classical divisor functions and among Kloosterman
sums.

6.1. Asymptotic relations of Kloosterman sums. Let I' C SLs(R) be a
finitely generated non-cocompact Fuchsian group of the first kind; it has a finite
number of inequivalent cusps {a}. Let T',, be the stability group of «; it is a cyclic
infinite group generated by 7., say. We may assume that oo is one of the cusps by,
if necessary, conjugating I'; in which case we have I'oo = {((1) T) : m € Z}. Define
the Eisenstein series

(6.1) %Ea('zvSvX) = > x(70) Im(o;'y2)* z€H,
YET AL
where 0, € SLa(R) satisfies 0,00 = a and 0, Tw0, = ['s. The character x
satisfies x (04 (§1)oat) =1 for each a.
This Eisenstein series is a-priori defined only for Re(s) > 1, but has meromor-
phic continuation over the complex s-plane. In the half plane Re(s) > 1/2 the
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Eisenstein series is holomorphic except for a simple pole at s = 1. Moreover, it is
T'-automorphic,

(62) Ea(72787X) :X(PY) Ea(’zv‘SvX)a

so we can apply the results of 5 to obtain asymptotic relations among its Fourier
coeflicients.
To describe the Fourier coefficients, consider the Kloosterman sum

/ . a
(6.3)  Saplm,n,x, fic) = > X(oaryogt)e2rne+ms),
Y€l \0a 'Tos/Too

where as usual v = (‘g g), and the prime on the sum indicates that it is to be

taken only for those 7’s that have their lower left entry ¢ fixed. Note that this
Kloosterman sum is defined for ¢ € Cop ={c >0: (5%) € 05'Tog}.
The Fourier expansion of %Ea(z, s, Xx) is then

1 —s
(6.4) iEa(z, $,X) = 003 Y’ + das(s, X) y!

+ 2 Z ¢a5(n; S, X) |n|%y%K87% (27r|n|y) eiQﬂ'nx’

n#0
where
F(S — l) Sa 07 0) yJi €
(6.5) Pap(5,X) = VI—=—=2 %
I'(s) ¢
CEC(,[;{
and
_ s—1 m° M
(66) (baﬁ(’nﬂ S, X) - |7’l| F(S) ezc: 025 ’
ceCap

For simplicity we assume that I" has a unique cusp, and by conjugation we might
as well say it is at co. Furthermore we let s = % +4r and x =1, so

1 1 4 1 .
(67) 5Bz g +in 1) =y +on(g +in )yt ™"

1 .
+2 Z (boo (n, 5 + Z"I", 1) |n|%y%K”_(2ﬂ-|n|y) ezanx,
n#0

where ¢oo 18 pap with o = 8 = co. Hence, as is seen from the definitions (6.5]) and
(6-8), the Fourier coefficients are sums of Kloosterman sums.

Theorem 6.1 (Relations among sums of Kloosterman sums). Let I' C SLa(R) be
a finitely generated non-cocompact Fuchsian group of the first kind with a cusp at co.
Given 0 < to < t1, choose 3> 4 and define (3 by ([A?— Y2 =2t + (B —1)/2. Let
s =2mmA"Y2 t = 2mnA"Y2, and, given vy = (28) €T, ¢ >0, let T = ?|st| 1.
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Fortg <t<t;, A= % + 72 large, then,
ir—1 Soo(naov]-af7é) 771')\%/2
'y altzir €
ceCo

. N
26" \"in "3 A (e, d) e M2 Q0)g(0)

ir—1 Soo(m5071)f76) —Wk%/Q —i)\%ég"riﬂ

m" 2 E — . ] € e 4
clt2ir

m>0 ceCxo

ISE

+2837 I A"

OEED)
x (Gow,t)—zr(ii 1 )> FOOT Bz, || Bl
3

where the coefficients G(T,t) are supported in the interval 3 < 771 +2 < [3,
||[Eso(z,8,1)Y||L, is as in LemmalAZ the remainder constant depends on ty, ti, 3,
and v, and the function A'(c,d) is given by

. 050 050
L% +ir), whenever (cho T d d> N [to, t1] # 0,

. Soo(n70517f76)

A'(e,d) = vrL(ir) 66%: a2 ’
C&Q C&O
— — Nltg,t
whenever ( ot d ch1+d) [to, t1] # 0,

0, otherwise,

where Support(h) C (ho, h1).

Proof. Apply Corollary B2l with a, = 2|n|2 ¢eo(n, 1 +ir,1), apy = 1, and ap— =
Poo(5 + 7). O
6.2. Asymptotic relations among divisor functions. The coefficient relation

for the divisor functions will follow directly from Corollary when we restrict
ourselves to considering the real analytic Eisenstein series

1 —2s

(6.8) pir(z) = 3 Z y'lez +d| 7,
c,d€EL
(e,d)=1

where we recall that s = % + 4r. The Fourier development of ;. can be given
explicitly (see for instance [Bru94], pp. 9, and [Iwa97], pp. 236, 237):

r2D(ir) ¢(2ir)
D(3 +ir) ¢(2ir+1)
ﬂ.%-i-ir

i T(L +ir) ¢(2ir +1)

1 .
3

(6.9) ir(z) =y +

d ] 1 .
§ Lol o 118 2y,
2Tl

where
(6.10) dy(m) = qu
d|

d>0
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is the divisor function, and {(w) is the analytic continuation of the Riemann zeta
function.
By (G3) the Fourier coefficients of ¢;, are given by

ap, = ].,
(6.11) m2T(ir) ¢(2ir)
ag_ = 1 . X )
(5 +ir) ¢(2ir +1)
and for m # 0
2 %—HT ir
(6.12) U = T dair (|m])

(5 +ir) ¢(2ir+1) |m|"

Corollary 6.2 (Relations among divisor functions). Given 0 < ty < t1, choose
B > 4 and define B by (B — Y2 = 2t; + (8 — 1)Y2. Let s = 2nrmA~Y/2, t =
2mnATY2, and, given v = (% 4) € SLo(Z), ¢ > 0, let T = c?|st| 7 .

Fortg <t<ty, A= % + 72 large, then,

dair (1) PR | ik
2 = oba AT B(ed) e DWg(0)
1.1 1._1 dair (m) —iATOot+iT [ AT F(%) G1(7,t)
263 57N\ o2t Go(r, 1) —
+ g rnz>:0 m%er’ O(T ) ZF(%) \1/6

+ OVl Lol 1Rl a2),

where B(c,d) is given by

. . Cao 050
L( +ir) ¢(2ir+1), whenever 7: 20——|—d~> N [to, t1] # 0,
_ ‘ . co co
B(c,d) L(ir) ¢(2ir), whenever —70, ~% —fd) N [to, t1] # 0,

0, otherwise,

the coefficients Gy (1,t) are supported in the interval 3 < 771 +2 < 3, llor |z, is
as in Lemma A3, and the remainder constant depends on to, t1, 5, and .

Proof. The proof of this statement follows directly from applying Corollary B2 with

(6.10) and (6.12). O

Remark 6.3. The coefficient relation can also be obtained as a special case of The-
orem [6.1] since the Eisenstein series given by (G.8) is the same one as the one
obtained when one has I' = SLy(Z) in (G.1).

APPENDIX A.

Here we present a slight modification (Lemmal[AZ] due to Wolpert) on Lemma 6.1
of [Wol99| that provides an upper bound for the sum of the magnitude squared of
the Fourier coefficients a,(y) of a real analytic Eisenstein series for SLy(Z).

Also we provide, using the Maass-Selberg relations, and some estimates of Hejhal
[ej83] on the scattering matrix, an upper bound for the Ly-norm of ¢}, (see below
for the definition).
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Let I" and ;, be as before (I" a finitely generated Fuchsian group of the first kind,
and ;- a [-automorphic eigenfunction of the hyperbolic Laplacian with eigenvalue
A = 1 +r? and Fourier development given by (IT])).

A fundamental domain F is standard for a cusp « for I' provided that for ~,, €
generating the stabilizer I',, there exists an 0, € SLa(R) with o4v,0,1 = ((1) ill
such that 0, F C {0 < Re(z) < 1} and 0,F N {Im(z) > 1} = {0 < Re(z) <
1, Im(z) > 1}. Let Fo = 0o F N{Im(z) > 1}

For z € F, define

Yy — ir(2) for Im(z) <Y,
(&) #ir(7) {%(z) —ap(y) for Im(z) > V.

Lemma A.1. The Fourier coefficients of p;- for I' as above satisfy

Zlan )I* < CllehllL, (N +|rl) sinhlr],

for |r| sufficiently large and for all positive integers N.

Proof. Since we are working with only one cusp a we might as well assume that
it is @ = oo, so that ', = . Set Y = 47 N|r|~!. Observe that since the T
images of {Im(z) > Y} are contained in {Im(z) < Y~} then ¢} (2) = i (2) on
{Y=1 <Im(z) <Y} and ¢}.(2) = ir(2) — ao(y) on {Im(z) > Y}. In particular,
on the entire horoball {Im(z) > Y !} the Fourier expansions relative to I's, of ¢,
and Y. agree except for the zeroth Fourier coefficient. Applying the arguments of
[Wol99] (Lemmas 6.1 and 6.2) completes the proof. O

From the Maass-Selberg relation (see for instance §12.8 of [Bor97]) we find the
Ly-norm of ¢,

¢ (5 +ir)
(3 +ir)
where ¢(3 + ir) = ao_(r) is the scattering matrix (not to be confused with ¢;,,
which is the Eisenstein series in consideration), and Y = 47 N|r|~! as in the proof

of the above lemma (in what follows Y is defined in the same way). The scattering
matrix ¢(s) on the critical line Re(s) = 3 satisfies ([Hej83] Theorem 11.8 (C))

- L -2
(A2) Nkl = [ IehPaa =21gY - —rn(p(y + i)Y ),

(A.3) ol +ir) =1

for r € R. Moreover, in the region given by 1 < Re(s) < 2 and |Im(s)| > 1, |¢(s)|
is uniformly bounded: |¢(s)| < (1++v/2)Y? (Proposition 12.4 of [Hej83|). Hence by
combining this last inequality, (A3) and (A-2)) together with Cauchy’s inequalities
we have the following bound for the norm.

Lemma A.2. Situation as above. Then
1 1
(A1) kI3, <2108Y + (1+v2) (5 +=)v2,

where 0 < R < dist(3 + ir,Q¢), Q being the domain of holomorphicity of the
scattering matriz o(s).
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Combining this with Lemma [A1] we obtain

Lemma A.3. Situation as above. Then

(A.5)

al 2
Z|an(’r)|2 < CSinhTF|T| (N—l— |r|) <10gﬁ + ];7_2(1 T O(,rfl)))7

n=1 |7“|

for |r| sufficiently large and all positive integers N.

[Bor97]
[Brugd]
[CFU57]
(GST77]
[Hej83]
[HW79]
[Twa97]

[OlvIT]
[Wol99)]

[Zem65]
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